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1 Introduction 



The notion that black holes could be considered as a thermodynamic systems characterized 
by temperature, energy and entropy was first proposed by Bekenstein |Jl[| and confirmed 
via the discovery of their thermal radiation properties by Hawking 0. Independently, 
it was realized that there are only a few macroscopic parameters which can be assigned 
to a black hole: its mass (m), charge (g) and angular momentum (Q). In the static 
case, angular momentum vanishes. A typical representative of this class is the Reissner- 
Nordstrom black hole which is a solution of the Einstein equations with a Maxwell field 
as a source. Such a hole is characterized by just its mass (m) and charge (g). 

When rotation is present, the Einstein-Maxwell equations have the Kerr-Newman 
metric as a solution. This metric corresponds to a black hole of a general type charac- 
terized by all three parameters (m, q, Q). Remarkably, the thermodynamic analogy works 
for this general case; in particular, it suggests that there is an entropy associated with this 
hole that is proportional to the area of the horizon. If this analogy is exact, there must 
be hidden degrees of freedom of the hole which are counted by the Bekenstein-Hawking 
entropy. Recently, there has been much interest in attempting to provide a statistical 
explanation of these degrees of freedom and their relationship to the entropy (see reviews 
0], [^]) within some quantum- mechanical calculations However, the proposed 

expressions for the entropy can be considered to be quantum (one-loop) corrections to 
the classical quantity, and do not give any explanation of the classical entropy itself. 

According to 't Hooft [§, one can relate the entropy of a black hole with a thermal 
gas of quantum field excitations propagating outside the horizon. In his model 't Hooft 
introduced a "brick wall" cut-off: a fixed boundary near the horizon within which the 
quantum field does not propagate. Its role is to eliminate divergences which appear 
due to the infinite growth of the density of states close to the horizon. This model can 
be successfully formulated in different space-time dimensions The quantization of a 
field system typically requires an ultraviolet (UV) regular izat ion procedure that must be 
taken into account in the statistical-mechanical calculation as well. Remarkably, it was 
demonstrated in that the Pauli-Villars regularization not only removes the standard 
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field-theoretical UV-divergences but automatically implements a cut-off in the 't Hooft 
calculation, rendering unnecessary the introduction of the "brick wall" . 

The natural way to formulate black hole thermodynamics is to use the Euclidean path 
integral approach [|22|. For an arbitrary field system it entails closing the Euclidean time 
coordinate with a period (3 = where T is the temperature of the system. This yields 
a periodicity condition for the quantum fields in the path integral. In the black hole 
case for arbitrary (3 this procedure leads to an effective Euclidean manifold which has a 
conical singularity at the horizon that vanishes for a fixed value j3 = (3h- Thermodynamic 
quantities {i.e. energy and entropy) are calculated by differentiating the corresponding 
free energy with respect to and then setting (3 = [3h- This procedure was consistently 
carried out for a static black hole and resulted in obtaining the general UV-divergent 
structure of the entropy [|l^, ||l9l, |2^, . 

Essentially, the divergences of the entropy have the same origin as the UV-divergences 
of the quantum effective action and can be removed by remormalization of the gravi- 



tational couplings in the tree-level gravitational action [|16l, |21|. The technique 

developed in allowed proof of this statement for an arbitrary static black hole. Alter- 
natively, this was demonstrated for the Reissner-Nordstrom black hole within 't Hooft's 
approach |^ applying the Pauli-Villars regularization scheme. 

An essential loophole in the above considerations is that they were concerned with 
only static, non-rotating black holes. The only exception is a series of recent preprints 
p3[| where 't Hooft's approach was applied to a Kerr-Newman black hole and some (quali- 
tative) analysis of divergences was presented. Adoption of conical methods for stationary 
black holes necessitates dealing with problems of treating Euclideanization (or complex- 
ification) of the Kerr-Newman metric and a general periodicity analysis of its con- 
ical geometry. Although the passage to a Euclidean metric and periodicity arguments 



were given some time ago the conical geometry for arbitrary period in the Kerr- 
Newman case remains unclear. Additional outstanding questions include the structure 
of the UV-divergences of the entropy of stationary black holes and whether or not their 
renormalization works in the same way as for a static hole. 

In this paper we consider these questions in detail. In Section 2 we describe the passage 
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to Euclidean space for the Kerr-Newman metric, establishing the structure of this space 
in the vicinity of the horizon. We determine the conditions necessary for periodicity in 
the direction of the time-like Killing vector (which is analog of the Euclidean time vector 
Or in the static case) corresponding to regular Euclidean space. For arbitrary periods 
there is a conical singularity at the horizon surface. The geometry of this conical space 



is studied in Section 3. We employ the regularization method suggested in ||25| and 
obtain the expected 5-function like behavior of the curvatures. The integrals of quadratic 
combinations of curvature tensors are also considered. The results we obtain have a 
marked similarity to the static case. In Section 4 we consider the Euclidean path integral 
quantization of a scalar matter field in the background of a conical Kerr-Newman metric. 
We obtain the UV-divergences for the entropy, the structure of which is similar to that 
obtained in the static case. We argue that these divergences of entropy are renormalized 
in the same way as for a static black hole. 

2 Euclidean Kerr-Newman geometry 

The Kerr-Newman metric of the space-time with Minkowskian signature in Boyer-Lindquist 
coordinates takes the form: 

ds^ = Qrvdr^ + geed9'^ + gudt^ + 2gt^dtd(f> + g^^dcf)^ 

p2 2 (A - sin^ 6) 

9rr — -r , gee — p , gtt — 5 ; 

A 

asin^ 9(r^ + a"^ - A) /(r^ + a^)^ - Aa^ sin^ 6'\ 2^ 
gt<iy = ^ , gcj,<iy = I ^ I sm 6 , 

A(r) = + + - 2mr , = + cos^ 6* (2.1) 
The function A(r) can be represented in the form A(r) = {r — r^){r — r_), where r± = 

This space-time has a pair of orthogonal Killing vectors: 



a 

-|- d 



K = dt^ ^2 , 2 ^'i' ' ^ = « sin^ Odt + 



Ap2 

(r2 + a2^2 



, K' = p'^m.'Q, K-K = Q . (2.2) 



The vector K is time-like everywhere in the region r > r+ and becomes null = for 
r = r+, whereas K is space-like everywhere outside the axis {6 = 0, 9 = n) where = 0. 



The one-forms dual to K and K are 



uj = [at — asm 

uj[K] = Oj[k] = I , uj[k] = Cj[K] = Q (2.3) 

To obtain the correspondence with the Schwarzschild metric note that K and K are 
the respective analogs of the vectors dt and and uo and Co are the respective analogs 
of dt and d(j) of the Schwarzschild metric. This correspondence is almost exact with one 
exception: uj and u together with dO and dr form an anholonomic basis of one-forms. 
This means that there are no globally defined coordinates X and X such that uj = dX 
and uj = dX. 

Horizon surfaces S are defined as the surfaces where the time-like vector K becomes 
null, K'^\t, = 0; the outer horizon is the surface for which r = r+. In addition to this one 
often considers the surface where the vector dt becomes null. This surface is called the 
ergosphere and is determined by equation + cos^ 9 + q"^ — 2mr = 0. It lies outside 
the outer horizon S, touching it at the axis 9 = and 9 = n. 

Consider now the Euclideanization of the Kerr-Newman metric. The standard pre- 
scription says p2| that we must change the time variable t = it and supplement this 
by the parameter transformation a = id, q = iq. The Euclidean vectors K, K and the 
corresponding one- forms uj, uj take the form: 

K = dr - ^2 " ^2 ^'l> ' = ^ sin^ 9dr + 

u = — (dr — d sin^ 9d(j)) 

P 

Co = 7/ \ # + r^T^.dr) (2.4) 
where = r"^ — cos^ 9. The Euclidean metric can be written in the form: 

dsl = tdr^ + ^ + p\d9^ + sin^ 9Cj^) (2.5) 



where uj and uj take the form ( |2.4| ), A = — — — 2mr. Roots of the function 
A are now f± = m ± y/rri^ + + q^. The horizon surface S defined by r = f+ is the 



stationary surface of the Killing vector K. Consider metric ( |2.5| ) near r = f+. It is useful 
to introduce a new radial variable x such that near the horizon we have 



A = 7(r-f+) = ^p, 
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{r — fj^) = —^, ^ = 2^m? + d? + q^ (2.6) 



Then the metric ( p.5| ) up to terms O(x^) reads: 



.,2^2 



d4 = rf4 + c/x^ + -— ) , (2.7) 



^ 4(f2 - cfif 
where pi = f i — cos^ 6 and 



d4 = (d^^ + sin^ Ou"^ 



= pW + .2^'^' sin^ (2.8) 
P+ 

is metric on the horizon surface S. In writing (|2.8|) we employed the fact that on S 
we may introduce the well-defined angle coordinate il) = cj) + -rr^-^^^r. The regularity of 
the metric ( p.8|) at the points ^ = 0, 9 = n requires the identification of the points ifj 
and ip + 2tt on T,. After all calculations with the Euclideanized Kerr- Newman have been 
completed, we analytically continue the results obtained back to the real values a and q. 
Expression (|2.7| ) may be rewritten as follows: 

dsl = dsl + pldsl^ (2.9) 

where dsjj^ is metric of a two-dimensional disk C2 attached to the horizon S at a point 
{6, ^): 

2 2 

dsl = dx^ -f ^^(rfr - asin^ ed(j)f . (2.10) 

Confider the metric ( p.lO| ) with {9, ip) fixed. Then we may introduce an angle coordinate 
on C2, X = ^ ~ dsiv? 6 (j), in terms of which the metric reads 

2 2 

dsl^ = dx^ + ^dx' . (2.11) 

Requiring the absence of a conical singularity at a; = means that we must identify 
points X X + 47r7^^p^. In order for this to hold independently of the coordinate 9 
on the horizon we must also identify points (r, (p) with (r -|- 2tt(3h, 4> — "^t^^Ph), where 



^ = i~i "L~2\ is the (complex) angular velocity and (3h = / ^ ^ =■ It is easy to see that 
the identified points have the same coordinate ^. 

With the described identification we obtain the following picture of the Euclidean 
Kerr-Newman geometry in the vicinity of the horizon E. Attached to every point {6, ■0) 
of the horizon is a two-dimensional disk C2 with coordinates (x,x). Although x is not a 
global coordinate in four-dimensional space and at each point -i/;) there is a new x, the 
periodic identification of points on C2 works universally and independently of any point 
on the horizon S. As in static case, the Euclidean Kerr-Newman geometry possesses an 
abelian isometry generated by the Killing vector K with horizon surface E being a fixed 
set of the isometry. Globally, K is not a coordinate vector. However, locally we have 
K = where x w^is introduced above. The periodicity is in the direction of the vector 
K and the resulting Euclidean space E is regular manifold. 



3 Conical singularity and curvature tensors 

Assume now that we close the trajectory of the Killing vector K with arbitrary period 
2nf3. Near the horizon this means that on C2 in ( p.9|) , (p.lO|) we identify points (r, </>) 



and (r -|- 27rj3, (f) — 2tiVLI3) with [3 7^ I3h- Note again that points identified in this way 
have the same value of the coordinate ip. Then x is an angle coordinate with period 
27r/?(l -|- aVLsin^ 9). By introducing a new angle coordinate x = I3p\{r\ — ci'^)^^X which 
has period 27r, the metric on C2 becomes 

^^'c2a ~ Q;^x^(ix^ (3.1) 

and coincides with the metric on a two dimensional cone with angular deficit 5 = 27r(l— a). 



a = IT-. With the above identification the four-dimensional metric (12.51) describes the 

PH ^1 1' 



Euclidean conical space with singular surface S. 

Curvature tensors at conical singularities behave as distributions. This behavior was 



precisely established for a fiat 2d cone in pa and for a general static metric in |25|. The 



Kerr-Newman metric, which is the subject of our consideration here, is stationary and 



not static. Therefore, all the formulae obtained in 25 must be checked for this case 
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To proceed, we apply the method which was successful in the static case (see details 
in It consists in regulating the conical singularity when the cone metric (O) is 

replaced by a sequence of regular metrics labeled by a parameter b: 

dsQ^ ^ ^ = /(x, b)dx'^ + a^x^dx^ , (3.2) 

where /(x, 6) is some smooth regulating function that approaches unity as 6 0, e.g. 

f(^M = ^^^ (3.3) 



is a suitable regularization function. In the limit 6 — > the sequence of metrics 
re-produces a (5-function-like contribution to the curvature. 

Applying this method to the Kerr metric consider a small vicinity of the horizon 
surface S. For j3 ^ I3h the metric there reads 

dsl^ = dsl + pldsl^ (3.4) 

Replacing the cone metric dsjj^ by ds^^ ^ ( p.2|) we obtain a sequence of regular metrics 

'^4^,6 = '^^s + P\dsl^^ (3.5) 

To calculate the curvature we define the (anholonomic) basis of one-forms {e", a = 1, 4} 
orthonormal with respect to metric 



' = hp+f/\y)dy 



e 

(rn^ + a^ + q^ ^ _ 

e = by (dr — asm 

P+ 

e' = p+dO 

^4 _ - ^ ) sin e{d(P + —^^——dr) (3.6) 
P+ in - a^) 

where we changed variables so that x = by, f{y) = ^iq^- 

The Lorentz connection one-form oj"^ = ^e'^ is found from the equation: 

de" + uj%Ae^ = (3.7) 

We are interested in those components of the Lorentz connection which are singular in 
the limit 6 — > 0. Analyzing the expressions de"" for the basis (|3.6|) we observe that only 
de"^ contains a singular term: 

de' = ^Ae-' + ... = {byf/\y))-'e' A + ... , (3.8) 

y 
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where means terms finite in the limit 6 — 0. It follows from ( p.8| ) that the only 
singular component of the Lorentz connection is 

u\ = {byp^f/'iy)r'e' + ... (3.9) 

The curvature two-form i?"^ = i?"^ ^ ^e'^ A e'^ is defined as follows 

Again, the only singular component of R\ is 

R\ = du\ + ... = 771^4^' A + ... 



and so in terms of curvature components the only singular component is 



Introducing a pair of vectors (see Appendix Eqs. (|A.l| ), ( |A.2|) ) Ua = n'^^d^, a = 1,2 or- 



thogonal to the horizon S and dual to the one- forms e"', a = 1, 2 we may re- write this 
^2121 = iR^.yapKnln'^nl. 

In order to show that the component i?2i2i behaves as a ^-function in the limit 6 — >■ 0, 
let us consider the integral 



R2121 v{x,e,ij)e^ Ae^ Ae^ Ae"^ (3.11) 



over a small disk surrounding the horizon surface S, < x < e. In ( p.ll| ) v{x,6,'ip) is 
a test function which is constant along the trajectory of vector K {K[v\ = 0). It can be 
expanded as 

t)(x, d, ip) = vo{e, ij) + vi{e, i))x^ + ... 

Recall that {9,ip) are the coordinates on the horizon E. Substituting (p.6[), ( |3.10| ) into 
( |3.11|) we obtain 



Id, = Jj ^^^ 2 f3/2 \J '^'^ + 0? + j (dr - asin^ 



2/3/2 

l^{vo + vib^y^ + ...)e'^ A (3.12) 



In ( |3.12| ) we first integrate over A in the subspace orthogonal to S under fixed {9, ip) 
and then take the integral /^^ A over the horizon. This yields 

(f{dT - a sin^ 9d(j)) = ^^^^2 , (3.13) 

where the integration is taken over the closed integral trajectory of the Killing vector K 
under fixed {6, ■0). 

In the limit — > 0, we have | ^ cxd in the integration in ( |3.12| ) and so obtain 

r^y^^-n^--'-^ (3.14) 

Taking into account that Ph = —7=^^= from ( p.l2|) -( p.l4|) we finally obtain in the limit 
6^0: 

Id =2n(l-a) f vo(e,i{j)e^ A e"^ (3.15) 

Since this holds for arbitrarily small e we conclude that in the limit 6 — > the quantity 
-R2121 behaves as a 5-function having support at the surface S. Noting that the vectors 
Ha, a = 1,2 introduced above are normal to S we may write 

R^'^'^p = + 27r(l - a) (Kn,)Kn^) - Kn^)(n'^n,)) Sj, 

R>', = i?^, + 27r(l-a)Kn,)5s 

i? = /? + 47r(l-a)5s (3.16) 

where 5s is the delta-function fSj^e^ A A A = Jj^ fe^ A and we denote 
(n^n^) = J2l=i ''^IJ^I- particular, it follows from (|3.16| ) that 

j Re^ Ae^ Ae^ Ae^ = a [ Re^ A A A + 47r(l - a)A^ , (3.17) 

where A^, = A is area of S. For the particular case of the Kerr- Newman metric, 
-R = 0. Remarkably, expressions (|3.16|) , ( |3.17|) are exactly the same as that obtained in 
pT| for a static metric. 

For a variety of applications it is necessary to know the integrals of quadratic com- 
binations of curvatures over the space with a conical singularity at the surface S. 
According to ( ^.16| ) curvature TZ contains (1 — a;)52-contribution as well as a regular part 
TZ. Therefore, one can expect the result which can be symbolically written as follows 

/ n^ = aj + 2{1 - a) f TZn + 0{il - af) , (3.18) 

J E(x E(y — 1 S 
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where TZn means projection of the tensor TZ onto the subspace orthogonal to the singular 
surface S. The expression ( |3.18| ) is ill-defined since TZ^ contains term ((1 — a)6j:)^. How- 
ever, it is of higher order with respect to (1 — a) and so can be collected in the last term 
in (|3A8| ). 



The form ( p.l8| ) was obtained in [^] for a static metric. To verify this for the Kerr- 
Newman case we must write the metric (|2.5|) near the horizon E, including all terms of 
order x^. Taking into account the regularization function f{x,b) as above the metric 
reads: 



\ P+ P+ ■^P+ / r_^_ — a 



sin^^(rf(/)+^ -dT)dT (3.19) 

2/3+ r+ — 

The general structure of quadratic combinations of curvature terms (denoted by 7^^) for 
the metric ( 3.19| ) symbolically is 



7^2 = }?A + {^3 + + 0{b^) (3.20) 

0^ b^ 

where A, B, C are some functions that are independent of b and do not contain derivatives 
of the regularization function f{y). 

Since the measure of integration in the region near S is proportional to 6^ we conclude 
that second and third terms in (|3.20| ) after integration produce in the limit 6^0 the 



respective second and third terms in (|3.18| ). In order to get this we use the fact that the 



derivatives of f{y) behave as f'{y) ~ (1 — a). 

After straightforward but tedious calculations we obtain in the limit 6 — > 0: 

/ R^^R^, = a f R^'R^u + AT^H-a) f Raa + 0{{l-af) , (3.21) 
/ R^'^'R^.xp = a [ R^'^'R^.xp + 87r(l - a) [ Rabat + 0((1 - af) , (3.22) 

•/ Ect -J E <j 

where Raa = Ea=i,2 RiiuKK and Rahab = Ea,6=i,2 RfiuXpKn^nlnl. 

In obtaining ( p. 211) , (|3.22| ) we made use of the fact (as in (|3.12| )) that near S the 



measure of integration Pe^^ takes the form (see ( p.5| )) Pe^,, = P+PJiPc^b^ where /is 
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(f^ — a^)sm.6d6d'ilj (0 < V ^ 27r) is the measure on S and ^c^b ~ '^b'^ f^^'^iy)dydx 
(0 < X ^ 27r) is the measure on the regularised cone Ca,b- For the integral of we 
obtain 

/ R'' = 0{{l-af) 

J Ed 

in agreement with the expected formula 

f = a I + Sti{1- a) j R + 0{{1- af) , (3.23) 

since the Kerr- Newman metric satisfies R = 

Again we obtain for a stationary metric with a conical singularity the same expressions 
(p:2T])-(p:23D as for the static case fSSj. 

For the Kerr-Newman metric we have on the horizon S: 

1- - f^(4g^ + 8mf+) — (g^ + 6mf+)p^ 

— Rabab = -^2121 ^ 



2 P' 

1 - _ - _ - _ 

-^Raa — Rll — R22 — —4 

2 pX 



Raa — Rll — R22 — — (3.24) 



and after integration over S we get 



Js r± r± ar+ 



/ Lui ^'j 1 — I o ^ ^ V ^ ^ y 

/s y 2ar4. r+ — a ^ 

The analytic continuation of these expressions back to real values of the parameters a and 



Raa = 47r^ ( 1 + H^—^) ) (3.25) 



q requires the substitution 



-2 2-2 2 - 

q = —q , a = —a , r+ = r+ 

lln(r±±4) = 2tan-i(^) (3.26) 
a r_|_ — a a r+ 



4 Heat kernel expansion and entropy 

In the Euclidean path integral approach to a statistical field system at temperature T = 
(27r/3)~^ one considers the fields which are periodic with respect to imaginary time r with 
period 27r/5. This works well for a static black hole when the metric does not depend on 
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the time coordinate r [^. One then closes the integral curves of the Killing vector dj- 
with the period 2n(3. 

For a rotating black hole metric we need to close the integral curves of the vector 



K (|2.4| ). The result of this is that for arbitrary (3 we obtain the conical space Ea, the 
geometry of which was described in the previous section. The partition function then 
reads 

Z{P) = l[V^]exp[-lE{v,g^,)] , (4.1) 

where the matter Euclidean action Ie is considered on the space with appropriate 
boundary {i.e. periodicity) conditions imposed on the matter field(s) ip. The contribution 
to the entropy is 

S=-iPdp-l)\nZmp=p^ (4.2) 

Although the Kerr-Newman metric is a solution of the Einstein equations with the 
matter source in form of a Maxwell field, the gravitational action is always modified by 
higher-order curvature terms due to quantum corrections. Such i?^-terms must be added 
to the action at the outset with some bare constants {ci^b, C2,b, C3,_b) (tree-level) to absorb 
the one-loop infinities. The bare (tree-level) gravitational action functional thus takes the 
form 

Wgr = J ^d^x (^-^^i^i? + Ci,si?' + C2,bR,uR^'' + cs^bR.ucpR^"'''') (4.3) 

Of course, we assume in addition to ([4.3|) a classical matter action which can in principle be 
rather complicated. The corresponding tree-level entropy can be obtained as a replica of 
the action ( [4.3|) after introducing the regulated conical singularity and applying formulas 
n])-( [4.2|) . Using formulas ( p.21|) -( p723D of the previous Section we obtain for the tree- 



level entropy: 

1 /" 

S{Gb, Ci,B) = TT^^S - / (SnCi^BR + ^'r^C2,BRaa + 8TTC3,BRabab) (4.4) 

where Raa = Ea=i,2 and Rabat = J2a,b=i,2 Ri^uXp^n^n'^n^, {<, a = 1,2} are 

vectors normal to S. This is exactly the same expression that we had for the static case 
2% , ||2l[| . Expression ([4.4|) is really valid off-shell, as we do not require the metric to 
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satisfy any equations of motion. On-shell we must substitute in ( [4.4D the field equation 
^ = satisfied by the Kerr-Newman metric. 

At the one-loop level we consider the matter action in the form 

and get for the partition function 

lnZ{P) = -^\ndet{-nEj 

expressed via the determinant of the Laplacian □ = V^V^' over the conical space Ea- 
In the De Witt-Schwinger proper time representation we have for the logarithm of the 
determinant: 

lndet{-n) = - —Tr{e'°) (4.5) 

J t"^ s 

In four dimensions we have the asymptotic expansion 

-| oo 

Tr(e^°) = E «n." (4.6) 

and for the divergent part of (InZ)^^^, we get 

11 L 

[In Z)div = ^^{-aoe~'^ + aie'"^ + 2a2ln—) , (4.7) 

where L is an infra-red cut-off. It is known that for a manifold with conical singularities 
the heat kernel coefficients in ( |4.6| ) are really a sum 

a„ = + a„,„ (4.8) 

of standard plus conical coefficients. The standard coefficients d^ are the same as for for 



a smooth manifold E |28 



4 



[ ( —R.^^aR'"""'^ - —RnuR^'" -—nR+ —rA (4.9) 
Je^ V180 180 ^ 30 72 / ^ ^ 

whereas the parts coming from the singular surface E (stationary point of the isometry) 
are 

7r(l-a^) f 



a2,a = ^^ ^ / {-R+Xi{K''K''-2tr{K.^)))^d'9 

jj,Raa - 2Rabab + ^k'' k'' + X2{k'' k'' - 2tr {t, . k))) ^ d^ B (4.10) 



180 a3 
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where Ai^2 are some constants and k^^,, a = 1,2 is the extrinsic curvature of the surface 



S with respect to normal vector Ha, a = 1, 2; = g'^'^n'^^,, tr{K.K,) = J2a=i,2 



The expression ( [4.10|) for some special spaces has been known for some time 



For a general static metric it was derived recently by Fursaev in the case that all 



extrinsic curvatures vanished. Dowker derived the heat kernel coefficients in the 



form ( [4.10 ) for an arbitrary conical metric of a general type with a surface S having non- 



trivial extrinsic geometry. Very general arguments were used in |3T|] to derive the general 



structure of ( |4.1(]| ): 0(2)-invariance, dimensionality and conformal invariance. The result 



( [4. 101) contains some unknown constants Ai and A2 in front of the conformal-invariant 



combination (k^k"" — 2tr[n.n)). The analysis of |^ does not provide a prescription for 
obtaining the explicit values for these constants. 



Applying the formula (|4.2| ) to ([4.7|) and taking into account that the standard coeffi- 



cients ~ a we obtain for the divergent quantum correction to the entropy 

1 1 r „ „ 1 , , A, . /• , „ „ . L 



f ^^^^ + — (Ai - / {k^k^ - 2tr{K.K))) In - . (4.11) 
Js 247r 30 Js e 



167r 90 

We see that the divergent part of the entropy ([4.11|) depends both on the projections of 



the curvatures, Raa and Rahabi onto the subspace normal to the horizon surface S and 
on the quadratic combinations of the extrinsic curvatures of S. For the static case all 
extrinsic curvatures vanish and ( [4.11|) repeats the form of the tree-level entropy ([4.4|) . 



This fact allows one to prove for arbitrary static black holes the statement [|T^-||T8| 
that all the UV divergences of entropy are absorbed in the standard renormalization of 
the gravitational couplings {G,Ci) in the tree- level gravitational action (|4.3| ). Applying 
the same line of reasoning to the Kerr-Newman black hole entails studying the external 
geometry of the horizon E of the charged rotating black hole. For this case we find that 
J2a=i2 = tr{K.K) = (see Appendix). This makes the coefficients (|4.10| ) and the 



expression for Sdiv (|4.11|) for the Kerr-Newman metric the same as for a static metric. 
Consequently, Sdiv in ( |4.11| ) repeats the form of the tree-level entropy and the renor- 



malization statement is valid for a stationary hole as well. In one sense this is not 
surprising since the classical thermodynamics of static and stationary holes are formu- 
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lated in the same way. One could therefore expect this to also be valid in the quantum 
case. 

Consider (|4.11|) on the Kerr-Newman background. Substituting here (|3.25|) , the con- 
dition ^ = 0, and making the analytic continuation ( p.26| ), we finally obtain for the 
quantum entropy of the Kerr-Newman black hole: 



= j^^. + ^ - 1^ (1 + ^^^ta„-'(-)) ) m- (4.12) 

487re^ 45 \ 4r+ ar+ r+ / e 



where = 47r(ri + a ) is area of the horizon S. In the limit a ^ this expression 



reduces to that of the Reissner-Nordstrom black hole obtained in |^0[ using the conical 
method and in |^ within the framework of a statistical-mechanical calculation in spirit 
of t'Hooft's approach. Surprisingly, in the uncharged case {q = 0) the second term in the 
expression ( |4.12| ) does not depend on the rotation parameter a and it is the same as for 
the Schwarzchild black hole [l^. We do not have an explanation of this fact. 



5 Conclusions 

The Euclidean approach to black hole thermodynamics implying the conical singularity 
method is known to be very useful in the static case. It allows one to get both the classical 
and quantum thermodynamic quantities of static black holes. We have proposed that the 
thermodynamics of the classical static and stationary black holes are formulated in a 
similar way. The underlying assumption is that the conical singularity technique can be 
applied to the rotating hole as well. 

In this paper we logically followed this line of reasoning. We studied the Euclidean 
geometry of the Kerr-Newman metric for an arbitrary period along the time-like Killing 
vector generating the abelian isometry of the space. The conical geometry of the space 
near the horizon was established and the (^-function like behavior of the curvatures ob- 
tained. This behavior strongly resembles that of a static black hole. 

The essential point of formulating the quantum thermodynamics of static black hole 
is the proving the statement that all the UV-divergences of the entropy of black hole 
due to quantum matter are removed by the standard renormalization of couplings in 
the tree-level gravitational action. This allows one to consider the entropy as well-defined 
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quantum field theoretical quantity. We demonstrate for the Kerr-Newman black hole that 
Sdiv being expressed via geometrical invariants repeats the form of the tree-level entropy 
in the same way as for a static case. This proves that the renormalization statement 
works universaly both for the static and stationary holes providing the correct treatment 
of the quantum thermodynamics. 

However, it is still an open question as to what degrees of freedom are counted by 
the entropy of black hole. A useful approach to this problem is to compare our result 
with the statistical-mechanical calculation of the quantum entropy of Kerr-Newman black 
hole along the lines of For a charged non-rotating black hole it is known that 

there is perfect agreement between these two methods (see and pO|). Checking this 



for stationary case| should provide us with a better understanding of the relationship 
between the different entropies assigned to a black hole ||3^ . 
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Appendix: Extrinsic geometry of horizon 



With respect to the Euclidean metric (23) we may define a pair of orthonormal vectors 
{ria = ni^df, , a = 1,2}: 

h- \^ 



Covariantly these are 



rir, 



Ap2 



Ap2 



(A.l) 
(A.2) 



A 



P 



,2 ' 



—asm U 
p2 



(A.3) 



(A.4) 



§The recent statistical calculation performed in ||2^ appears to be unsatisfactory since it relates the 
entropy of rotating hole with data on the ergosphere rather than on the horizon. 
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The vectors and are normal to the horizon surface E (defined as r = r_|_, A(r = 
r+) = 0), which is a two-dimensional surface with induced metric 7^,^ = g^jj — n^^n]^ — n^^nl 
The (non-zero) components of the induced metric are 

2 tt^ sin^ 9 



7r0 



a{r'^ — a^) sin^ 6 
J' 



(A.5) 



With respect to the normal vectors n", a = 1, 2 we may define the extrinsic curvatures 
of the surface S: = — 7)j7f?Van^. We find 



Kn 



A 



ra^ sin^ 1 



P^ \ 



A 

^2 



arir"^ — a?') sin^ 1 



r(r^ — a^)^ sin^ 6 



A 
A 

"a2 



and 



sin ^ cos 9 



A 

7 



a(r'^ — a^) sin 9 cos ^ 



p2 



A 



For the trace of the extrinsic curvatures, = K'^^.g'^^, we obtain: 



K = —- 



2r 
P' 



- , = 

p2 



which clearly vanishes when restricted to the surface E (A(r = f+) = 0). 
The quadratic combinations 

1 ,._2r2A 

2 2a^ cos^ 9h. 



(A.6) 



(A.7) 



(A.8) 



(A.9) 
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vanish S separately both in the static (a = 0) and stationary (a 7^ 0) cases. Consequently, 
we have tr{K.K) — k'^^k"'^" = on the horizon. 



19 



References 

[1] J.D.Bekenstein, Lett.Nuov.Cim. 4, 737 (1972); Phys.Rev. D7, 2333 (1973) ; Pliys.Rev. 
D9, 3292 (1974). 



[2 
[3 

[4] 
[5] 
[6 
[7 



S.W.Hawking, Comm.Math.Phys. 43, 199 (1975) . 

R.P. Kerr, Phys. Rev. Lett. 11 237 (1963); E.T. Newman et.al, J. Math. Phys. 6 91^ 
(1965). 



J.D. Bekenstein, "Do we understand black hole entropy?", |qr-qc/9409015 
V.P.Frolov, Black hole entropy and physics at Planckian scales, [hep-th/951Q156 
G.'t Hooft, Nucl. Phys. B256, 727 (1985). 

R.B.Mann, L.Tarasov and A.Zelnikov, Class. Quant. Grav. 9, 1487 (1992). 
J.-G. Demers, R.Lafrance and R.C.Myers, Phys.Rev. D52, 2245 (1995). 



[9] M. Srednicki, Phys. Rev. Lett. 71, 666 (1993); L. Bombelh, R. Koul, J. Lee, and R. 
Sorkin, Phys. Rev. D34, 373 (1986); V.Frolov, LNovikov, Phys.Rev. D48, 4545 (1993). 

[10] C. Callan, F. Wilczek, Phys.Lett. B 333, 55 (1994). 

[11] A.L Barvinsky, V.P. Frolov and A.L Zelnikov, Phys. Rev. D51 , 1741 (1995). 

[12] S.P. de Alwis, N.Ohta, On the entropy of quantum fields in black hole backgrounds, 
COLO-HEP-347; |hep-th/94120"27 . 



[13] G.Cognola, L.Vanzo and S.Zerbini, One loop quantum corrections to the entropy for 
a four- dimensional eternal black hole, UTF-342; |hep-th/ 9502006, 



[14] A.Ghosh, P.Mitra, Phys.Rev.Lett., 73 2521 (1994). 
[15] K.Shiraishi, Mod.Phys.Lett. A9 3509 (1994). 

[16] L. Susskind and J. Uglum, Phys. Rev. D50, 2700 (1994); L. Susskind, Eep 



th/9309145 



20 



[17] T.Jacobson, |gr-qc/9404039 . 



[18] S.N. Solodukhin, Phys.Rev. D51, 609 (1995); 

[19] D.V.Fursaev, Mod.Phys.Lett. AlO, 649 (1995). 

[20] S.N. Solodukhin, Phys. Rev. D51, 618 (1995). 

[21] D.V.Fursaev, S.N.Solodukhin, Phys.Lett. B365, 51 (1996), ^ep-th/941202U 



[22] G.W.Gibbons, S.W.Hawking, Phys.Rev. D15 (1977), 2752; S.W.Hawking in General 
Relativity, edited by S.W.Hawking and W. Israel (Cambridge University Press, Cam- 
bridge, 1979). 

[23] M.-H. Lee, J.K.Kim, The entropy of a quantum field in a charged Kerr black hole, 
KAIST-CHEP-95/8; On the entropy of a quantum field in the rotating black holes, 
KAIST-CHEP-96-02. 

[24] J.D.Brown, E.A.Martinez, J.W.York, Jr. Phys.Rev.Lett. 66, 2281 (1991). 

[25] D.V.Fursaev, S.N.Solodukhin, Phys.Rev. D52, 2133 (1995). 

D.D.Sokolov, A.A.Starobinsky, DAN SSSR, 22 (1977), 312. 



[27] R.M. Wald, Phys. Rev. D48, R3427 (1993); V. Iyer and R.M. Wald, Phys. Rev. 
D50, 846 (1994); T.A. Jacobson, G. Kang, and R.C. Myers, Phys. Rev. D49, 6587 
(1994); V.Iyer, R.M. Wald, A comparison of Noether charge and Euclidean methods for 
computing the entropy of stationary black holes, ^r-qc/9503052 . 



[28] N.D.Birrell, P.C.W.Devies, Quantum fields in curved space, Cambridge University 
Press, Cambridge, 1982. 

H.P.McKean, I.M.Singer, J.Diff.Geometry, 1 (1967), 43; J.Cheeger, J. Diff. Geometry, 
18 (1983), 575; H. Donnelly, Math. Ann. 224, 161 (1976); P.Chang, J.S.Dowker, 
Nucl.Phys. B395 407 (1993); D.V.Fursaev, Class. Quant. Grav. 11 (1994), 1431; G. 
Cognola, K. Kirsten and L. Vanzo, Phys. Rev. D49, 1029 (1994); D.V. Fursaev and G. 
Miele, Phys. Rev. D49, 987 (1994). 



21 



[30] D.V.Fursaev, Phys.Lett. B334, 53 (1994). 
[31] J.S. Dowker, Phys.Rev.D50, 6369 (1994). 
[32] S.N.Solodukhin, |hep-tli/9601154 . 



[33] L.P. Eisenhart, Riemannian Geometry, (Princeton University Press, 1966) 



22 



